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Abstract 

We formulate and prove the Lorentzian version of the positive mass theorems with ar- 
bitrary negative cosmological constant for asymptotically AdS spacetimes. This work is the 
continuation of the second author's recent work on the positive mass theorem on asymptot- 
ically hyperbolic 3-manifolds. 

1 Introduction 

In general relativity, our spacetime is modelled by a 4-dimensional Lorentzian manifold {N^'^,g) 
with the Lorentzian metric g of signature (—1,1,1,1) which satisfies the Einstein field equations 

Rfcig)-^g + Ag = T (1.1) 

where Ric, R are the Ricci and scalar curvatures of Ij respectively, T is the energy-momentum 
tensor of matter, and A is the cosmological constant. 

It is well known that the positive mass theorem plays an important role in general relativity. 
The definition of the total energy and the total linear momentum for asymptotically flat spaces 
was given by Arnowitt-Deser-Misner from the Hamiltonian point of view [2j. This ADM mass 
is in fact a geometric invariance [HIE]- Physicists believe, with some justification, that the total 
mass for a nontrivial isolated gravitational system must be positive. This was the famous positive 
mass conjecture which was first proved by Schoen and Yau in a series of papers [TSIIIZIIIS] using 
minimal surface techniques and then by Witten [2H [T5l [3] using spinors. 

It is natural to extend the positive mass theorem to asymptotically AdS spacetime where 
spatial infinities are asymptotically hyperbolic. Such a theorem was proved with a fixed negative 
cosmological constant for spacelike, asymptotically hyperbolic hypersurfaces with zero second 
fundamental form in [6l [7] , and with nonzero second fundamental form in |251 [T3] . In general, 
there are two versions of the positive mass theorem (cf. |22j). One is the Riemannian setting to 
use the initial data set which is a 3-dimensional Riemannian manifolds equipped with another 
2-tensor. The other is the Lorentzian setting to use a spacelike hypersurface in 4-dimensional 
Lorentzian manifolds. Although, technically, different spin structures are used in different set- 
tings, the two versions are essentially equivalent in asymptotically flat spacetimes. Interestingly, 
the situation changes in asymptotically AdS spacetimes and the Riemannian version of the pos- 
itive mass theorem in [25] is not equivalent to the Lorentzian version in [13]. For instance, for 
the maximal spacelike hypersurfaces in AdS spacetimes, the dominant energy condition in AdS 
spacetimes implies the energy condition in [25], hence the theorem in [25] holds. However, this 
theorem is not included in the nonnegativity of the energy-momentum matrix in |13j . 
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The present paper is essentially the continuation of the second author's recent work in [25j . 
We will prove positive mass theorems for asymptotically AdS spacetimes with arbitrary negative 
cosmological constant. We first define eg- Killing spinors and use it to obtain the corresponding 
Lorentzian version of the positive mass theorem in [25]. We then use imaginary- Killing spinors 
to prove another positive mass theorem analogous to the one in pjjj- We would like to point 
out that we use a little different setting to study a spacelike hypersurface in asymptotically 
AdS spacetimes in the second case, instead of extending an initial data set to an asymptotically 
AdS spacetime in [13]. We note that it was used to study the quasi- local mass in [19j for the 
positive mass theorem with zero second fundamental form for asymptotically AdS spacetimes 
with arbitrary negative cosmological constant. 

It is an interesting question whether the total angular momentum can be dominated by 
the total energy. In [8], Corvino and Schoen constructed regular solutions of vacuum Einstein 
constraint equations, which are Kerr at infinity. This initial data set indicates, in general, there is 
no relation between the total energy and the total angular momentum. However, certain extra 
energy conditions were found in asymptotically flat spacetimes in ^22j that the total angular 
momentum is dominated by the total energy. But the analogue of this new energy condition 
does not imply the similar result in asymptotically AdS spacetimes. 

This paper is organized as follows: In Section 2, we make a study of cq- as well as imaginary- 
Killing spinors in AdS spacetime along the hyperbolic 3-space. Section 3 gives the definition 
of total energy-momenta for asymptotically AdS initial data sets. In Section 4, we derive a 
Weitzenbock formula for eo-Killing hypersurface Dirac-Witten operator and state some known 
results on comparing two spin connections. Section 5 deals with the boundary value problem of 
the Dirac-Witten equation and a positive mass theorem is proved. In Section 6, by using the 
imaginary Killing spinors, we reach another positive mass theorem which corresponds to one of 
the energy-momentum inequalities from the definite positivity of Maerten's operator. 

2 The AdS Spacetime, the HyperboUc Space, and the cq- and 
imaginary Killing Spinors 

The anti-de Sitter (AdS) spacetime (iV^'^, gAds) is a static spherically solution to the vacuum 
(i.e., T = 0) Einstein equation (jl.ip with negative cosmological constant A = ^ which reads 

gAdS = -(^ + + + ir'd?''+?''{de^ + sin' 9di;'). (2.1) 

Set K = l^^ > and r = then in terms of the polar coordinate system (r, Ojip) (0 < r < 

oo, < 6* < vr and < V' < 27r), the AdS metric can be rewritten as 

gAdS = - cosb?{Kr)dt' + g (2.2) 

where 

The hyperbolic 3-space is the t— slice in {N^'^ ,gAds) which is topologically endowed with 
the metric g. Note that it is totally geodesic and has constant sectional curvature — k^. 
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We use the convention that the Greek indices a, P,^, . . . run over the spacetime and the 
Latin ones i, j, k, . . . are the spatial indices. Denote the associated orthonormal frame {ca} by 



1 



d 



eo 



cosh(Kr) dt 

oa 



, ei 



d_ 

dr 



d 



d 



sinh(Kr) 89 ' ^ sinh(Kr) sin 9 dip 



and its coframe {e } by 

oO 



oi , o2 sinhf/cr) o3 sinh(Kr)sin0 
e = cosh{Kr)at, e = dr, e = d9, e = dip 



K 



K 



respectively. 

Let S be the (locally) spinor bundle of {N^'^ ,gAds) B^nd its restriction to is globally defined 
since every orientable 3-manifold is spin. We say that a spinor <I>o ^ r(S) is an eo-Killing spinor 
(along M^) if 

ylf'^^o + |eo • X • $0 = (2.4) 

for every tangent vector X of . 

Choose a standard symplectic basis as in [15j and [23|, the spinors over AdS can be writ- 
ten as a 4-vector valued functions $ = (<I>^, $'^)* G C^. We fix the following Clifford 



representation throughout the 


paper: 












/ 1 






( 


-1 \ 







1 


O 




1 


eo ^ 


1 






1 






^ 1 


) 






-1 / 



62 



-1 



V-1 



1\ 



63 



(2.5) 



Using it, one has 

Lemma 2.1 The set of the solutions of the eo-Killing equation ^2.4^ is 4^- dimensional. Precisely, 



$fi 



fiXie"^^ sin f + A26-^^ cos f )6-^\ 
(A26-'^'^ sin f - Xie"^^ cos f )e'? 



(A36- 



sin I + X/^e 



XiX^e-"^^ sin f - Age'^'^ cos |)e-^ / 
where Ai, A2, A3, and A4 are /our arbitrary complex numbers. 

Due to the fact that eo changes the chirality of spinors, the form of eo-Killing spinors looks 
different from that of the imaginary Killing spinors \12\ llOj. In fact. 

Lemma 2.2 The imaginary Killing spinors along satisfying the imaginary Killing equations 



cos ^je 2 



(2.6) 



-X • $ = for each tangent vector X ofM.^ 



(2.7) 
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are of the form 



where 



$2 



u ' 



U 



u^e 2 + u e 2 
v~^e 2 + V e 2 
-V— l'U'''e"2" + ^—lu~e~~ 

Vt j_ I /-sr 

y — It^ e 2 — i/— li;~e 2 / 



Aie 2 '/^sin- + A2e 2 'A'cos-, 
Ase 2 Vsin- + A4e 2 'A'cos-, 
—Ase 2 'A'sm- + A4e 2 '/'cos-, 



Aie'2 '^sin- + A2e "2 '''cos 



(2. 



-fTere Ai, A2, A3, and A4 are four arbitrary complex numbers. 
Remark: 

The imaginary Killing spinors in the full spacetime look like in the similar form but A^ is time 
dependent [10], i.e. 

Ai = Ci cos(^t) + C3sin(^t), A3 = C3Cos(^t) - Ci sin(^i) 

A2 = C2 cos(— t) + C4 sin(— f), A4 = C4 cos(— t) — C2 sin(— i) 
where Ci, C2, C3, C4 are four arbitrary complex constants. 



3 Definition of the Total Energy-Momenta 

In this section, we define the total energy-momenta for asymptotically AdS initial data sets. Sup- 
pose that (iV^'^c/) is a Lorentzian manifold with the Lorentzian metric g of signature (—1,1,1,1) 
satisfying the Einstein field equations. Usually, a triple (M, gij, hij) is served as a Cauchy surface 
on the initial problem of the Einstein equations. Here M is a 3-dimensional spacelike hypersur- 
face with induced Riemannian metric gij and hij is the second fundamental form of M in A^. 
We say that the initial data set {M,gij, hij) is asymptotically AdS if: 

(1) There is a compact set K C M such that Mqo = M \ AT is diffeomorphic to M'^ \ open ball; 

(2) Under this diffeomorphism, the metric gij = g{ei, ej) on the end Mqo is of the form 

where aij satisfies 

ai, = 0{e-^n, ^kaij = 0{e-^n, ^i^kaij = ©(e"^'^'^); (3.1) 
and the second fundamental form hij = h{ei, ej) satisfies 

hij = 0{e-^n, ^khj = 0{e-^n (3.2) 
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Q — — O 

for r > ^. Here V is the Levi-Civita connection with respect to the hyperboUc metric g\ 
(3) There exists a distance function pz such that 

Tooe^- G L\M), Toie''^ G L\M). (3.3) 

Denote n*^ = 1, n* (i = 1, 2, 3) the restriction of the natural coordinate rc* to the unit round 
sphere, i.e. 

nP = 1, = sin cos V', = sin sin ^, = cos0 

and 

_° . _o_ 

ei = V^5ij - Vitro{g) - K{aii - giitro{a)), 
Vki = hki - gkitro{h). 

For such a spacetime, (under a fixed diffeomorphism) the total energy vector E^,y^ and for 
each k the total linear momentum vector P^^yk are defined by 

1 



P{u}k = ^ lim / ^fci'^v (3.5) 
where 

a;^ = n''e'"''f A f (zy = 0,1,2,3). (3.6) 

(1) For simplicity, we just assume that there is only one end. The extension of multi-ends case 
is straightforward. 

(2) Our definition E^j^y is the same as pi, in [6]. The geometric invariance of the total energy 
was given in [71 E] as well as in [20] for the case with a spherical conformal infinity. 

(3) The definition of the total linear momentum vector can be found in ^25j. In fact, the 
Lorentzian lengths of P{,y}i is invariant but P{,/}a = 2,3) is not j25[ Prof. 2.1]. Therefore, 
for i = 1,2, 3, 

(ci^{0} + C2J^{o}i)' - + caP^i)' (3.7) 

i 

gives a geometric invariant where ci and C2 are real constants. 



4 The Spin Connections, the Dirac-Witten Operators, and the 
Weitzenbock Formula 

In this section, we establish a Weitzenbock formula for the Dirac-Witten operator associated 
with the Co-Killing connection. We also state some known results (due to Min-Oo [TJ] and 
certain generalizations in [T| IIH |23]) on comparing two spin connections. 

Recah that iN^'^,g) is a Lorentzian manifold with the Lorentzian metric g of signature 
(—1,1,1,1) satisfying the Einstein field equations. Let {M,g,h) be a 3-dimensional spacelike 
hypersurface with induced Riemannian metric gij and hij is the second fundamental form of M 
in N. Let S be the (locally) spinor bundle of N and we still denote by S its restriction to M. 
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Let V and V be the Levi-Civita connections of g and g respectively. We also denote by the 
same symbols their lifts to the spinor bundle S. 

Fix a point p £ M and an orthonormal basis {bq} of TpN with cq normal and {cj} tangent 
to M. Extend {bq} to a local orthonormal frame in a neighborhood of p in M such that 
(Viej)p = 0. Extend this to a local orthonormal frame {e^} for N with (Voej)p = 0. Let {e°'} 
be its dual frame. Then 

(Viej)p = hijCo, (Vieo)p = hijCj (4.1) 

where hij = gCViCQ, Cj) are the components of its second fundamental form at p. The two 
connections on the spinor bundle are related by 

Vi = Vi - ^hijeo -ej- . (4.2) 
We define the eo-Killing connection by 

Vx = Vx + |eo • X • . (4.3) 
Then the associated hypersurface Dirac-Witten operators are 

3 

D = Y,ek-Vk, (4.4) 

k=l 



D = J2ek-^k = D + —eo- (4.5) 

k=l 

There are two choices of metrics on the spinor bundle |15l I24| . Restricted S to M inherits 
an Hermitian metric (0, "0) ^-^d a positive definite metric < (pjip >. They are related by the 
equation 

With respect to <•,•>, ej is skew-Hermitian while eo is Hermitian [151 124j . We also note that 
V is compatible with < •, • > but V is not. Moreover, 

Vi(eo-(/)) = eo- Vi<^. (4.6) 

As usual, we have the following formulae. 

d{< (l),Viij > *e') = {ci < (p.Vi^J >) * 1 
= ((Vieo) • 0, V,V) * 1+ < Vi(A, ViV > *1+ < ViViV > *1 
= {hijCj ■ (j), Vi^p) * 1+ < Vi(j), ViTp > *1+ < (j), VjVjV > *1 

= < hijCo ■ Cj ■ (p, ViTp > *1+ < Vi0, ViV > *1+ < (p, yi^ii^ > *1 (4.7) 

and 

d{< a- > *e') = {< D^,ip > - < 4>,Dip >)*1 (4.8) 

= {< D<p,^ > - < (t>, Dij >) * 1. (4.9) 
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Hence, 



V* = -Vi-hijeo-ej- (4.10) 

V. =V* + |eo-e, (4.11) 
D* = D (4.12) 

D =b = D + ^eo- = D* + ^eo- (4.13) 

with respect to < •, • >. 

A 

The corresponding Weitzenbock formula for the Dirac-Witten operator D is therefore: 
Lemma 4.1 One has 

A * A A * A A 

DD = VV + n (4.14) 

where 

n = ^{Scal^ + 2^00 + 2^oieo • Ci • +6^^ - AKtr{h)) G End{S). 
Proof: By straightforward computation, it follows that 

A * A A 2 Q;,. 

I) D = D =(D + _eo.)o(Z) + -eo-) 
= + — + yCfc • (VfcCo) 

= D + — + —ek- [hkjej-) 

^9 3k 
= D^ + — -^tr{h). 

On the other hand, 



A * A 



K 



2 



V V = (V* + -eo • ev) o (V^ + -eo • e^-) 

= (-Vj - hijeQ ■ ej ■ +^eo • e,-) o (Vj + ^cq • e^-) 

= V*V - -^(ViCo) • e, • --^eo • (Vie,) • - '^hijeo ■ ej ■ cq ■ ei + ^ 

= V*V + — --tr(/i). 

The standard Weitzenbock formula [HI |T5] reads 

d2 = v*V + ^{Scal^ + 2i?oo + ^RoiCo ■ ei-). 

This proves the lemma. Q.E.D. 

Since we work on a non-compact manifold we need the following integrated version of the 
Weitzenbock formula ()4.14p involving a boundary term: 
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Lemma 4.2 We have 

I < (j),Vi(j) + ei- D(j)> *e' = I -\D(j)\^}*l+ I < <p,TZ(t> > *1 (4.15) 

JdM Jm Jm 

for all (p G r(S). 

The assumption we make in order to prove the positive mass theorem is a modified version of 
dominant energy condition: 



Scal'^ + 2Roo + 6k^ - AKtr{h) > ^^(2i?oi)^- (4.16) 

This ensures 

< (/>,7^(/) >> 0, V(/. G r(s). (4.17) 

Remarks: 

(1) Set K = 1, pij = —hij + 5ij. Let 

Then by the Gauss-Codazzi equations of M in N ^ one can show that the energy condition (14.160 
is equivalent to the following "dominant energy condition" in 



(2) If M is maximal, i.e. tr{h) = 0, then the energy condition (j4.16p just reduces to the standard 
dominant energy condition 

^00 > y^^^- (4.18) 

Einstein equation (jl.ip gives 

Scaia = 2(Goo - ^oo) 

and 

RQiS-o ■ Ci- = eo • {GQiCi)- 
where G^y = R^i, — ^g^u is the Einstein tensor. Then 

A 1~ 3^2^ 1~ 

^ = (2^0060 ^gooeo ■ --^Goiei-)eo ■ 

= ^{Tooeo ■ -Toiei-)eo ■ ■ 



8 



In order to compute the boundary term which gives rise to the total energy and the total 
momentum, we define a new connection and see the difference of two connections on the spinor 
bundle. Most of the results here are due to the work in jl4l [H [2^. Recall that g = g + a with 

o o o 

a = 0(e~'^'""), Va = 0(e~'^'""), VVa = 0(e~'^'""). Orthonormalizing with respect to g gives 
rise an orthonormal basis Cj with respect to g, i.e. 

ei = °ei- ^ttikh + o{e-'"^''). (4.19) 
This gives a gauge transformation 

A : SOCg) ^ SO{g) 

o 

(and in addition cq i— > cq) which identifies the corresponding spin group and spinor bundles. 

o 

To compare V and V in particular their lifts to the spinor bundles, one introduces a new 

o 

connection V = .4 o V o A^^. This new connection is compatible with the metric g but has a 
torsion 

f{X,Y) = VxY -VyX -[X,Y] 

o o 

= -{VxA)A-^Y + {VyA)A~^X. (4.20) 

Then the difference of V of V is then expressible in terms of the torsion 

2g{VxY - VxY, Z) = g{f{X, Y), Z) - g{f{X, Z),Y)- g{f{Y, Z),X) (4.21) 

for any tangent vectors X,Y, Z € TM. 

Since both V and V are ^'-compatible, their induced connections on the spinor bundle S(M) 
differ by 

~ '^i = ~4 '^i^kiiej) - ujki{ej))ek ■ er (4.22) 

k,l 

where uJki jej) = -ff( Vjefc, e;) and uJkiiej) = -g{S/jek,ei). 

From (j4.20p and (j4.2ip we have obtained the following asymptotic formula 

~ 1 ° ° 
-^J = ^ yZ^y'aji - ^'gjk)ek ■ ei ■ +o{e-^n (4-23) 

for the difference of the two connections acting on spinors. And further we have 

Lemma 4.3 (Prop. 3.2, !l25f) Let {M,gij,hij) be a 3- dimensional asymptotically AdS initial 
data set. Then 

— ~ 1 —■ — 

Re<<t>,ei- e, ■ (Vj - V ,)<i, >= -{V' gij - Vitr.{g) + o(e-™))|(/)p (4.24) 

for all (j) £ r(S). 
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We extend the eo-Killing spinors $o i^i (IZISI) on the end to the inside smoothly. With respect 

A _ 

to the metric g, these eo-Kilhng spinors $0 can be written as $0 = -^^o- Let Vx = Vx + f cq-^-. 
Then 

A o 

= '^ajkeo ■ (Ack) ■ ^0 + o(e-^'"'')¥o. 
5 The Dirac-Witten Equation and Positive Mass Theorem I 

As explained in the introduction, in this section, we will study an elliptic boundary value problem 
on M with given boundary values as r — > 00. We will solve for a spinor (j) satisfying the first 

A 

order elliptic Dirac-Witten equation D(p = on the manifold M which is asymptotic to the 
eo-Killing spinor $0 infinity. Our positive mass theorem is then a consequence of the nice 
Weitzenbock formula M.lSh . 

Let C^{§) be the space of smooth sections of the spinor bundle S with compact support. 
Define an inner product on S by 



(</',V')i 



/ \ <V(t>,Vi)> +— <(l),i)> (5.1) 



Let H^{S) be the closure of Cg°(S) with respect to this inner product. Then H^{S) with the 
above inner product is a Hilbert space. Now define a bounded bilinear form B on C^(S) by 

5(0,?/;)=/" <D<P,D'^>*1. (5.2) 

By the Weitzenbock formula (j4.15p . we have 

B{(j),^)= I I < (t),TZ(p > *1. (5.3) 

Jm Jm 

Due to the energy condition (j4.16p . we can extend to H^{§) as a coercive (not strictly 

coercive in general) bilinear form. 

Take ^>o as the eo-Killing spinor in (j2.6|) . The same as in [25j, due to the asymptotic 

A_ A_ _ 

conditions (f3T]) and (j3?2]) . we know that V^>o G -L^(S) and hence D^o G -L^(S). Note that $0 
itself is not in L^(S) since |$oP = 0{e'^^). 

Lemma 5.1 Let {M,gij,hij) be a 3- dimensional asymptotically AdS initial data set which sat- 
isfies the energy condition ^.16^ . There exists a unique spinor in H^(S) such that 

£'($i+¥o) = 0. (5.4) 
Proof: Here we follow the argument of Lemma 4.2 in [25]. Since B{-,-) is coercive on H^[§), 

A_ A_ 

and D^o £ i^(S), V$o G L'^i^), thanks to the Lax-Milgram theorem (cf. Theorem 7.21 [9]), 
there exists a spinor $1 G H^{§) such that 



A * A A * A_ 

D D^i = -D L>$o 
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_ A 

weakly. Let cj) = + and -0 = D(j). The elliptic regularity tells us that V' G H and 

A * 

D ip = 

A 

in the classical sense. Then (|4.15|) implies that V'ip = 0. We thus have \di log IV'Pl < (k+ |/i|) on 
the complement of the zero set of tp on M. If there exists xq £ M such that |V'(xo)| 7^ 0, then 
integrating it along a path from xq G Af gives 

> |V(xo)pe('^+l'^l)(l^''l-l^l). 

Obviously, V is not in i^(S) which gives the contradiction. Hence Tp = 0, and the proof of this 
lemma is complete. Q.E.D. 

Now we state our first positive mass theorem. 

Theorem 5.1 Let {M,gij,hij) be a 3- dimensional asymptotically AdS initial data set which 
satisfies the energy condition l^.igp . Then the following 4x4 Hermitian matrix 

( -£'{0} + P{o}i "-^{1} ~ \ 

+^{3} + ^^{3}! +V^{E{2} + P{2}l) 

-\/^(£^{2} + P{2}l) --^{3} - P{Z}1 

--^'{3} - -P{3}1 +\/-T(-E'{2} + P{2}l] 
\ _^(S^2}+^{2}l) %}+P{3}l / 

(5.5) 

is positive definite. Moreover, if E^Qj + P{o}i — 0; then the following equations hold on M : 

Rijki + hikhji — hiihjk = 0, (5.6) 

Vihjk - Vjhik = (5.7) 
where Rijki is the Riemann curvature tensor of {M,g) and hij = —hij + K,6ij. 

The positivity of the 2x2 principal minor in (15. 5p also implies 
Corollary 5.1 In particular, we have 



E{0} + P{0}1 > 



\ + (5-8) 

\ i=i 



As mentioned in the previous section, when M is maximal, the energy condition reduces to 
the standard dominant energy condition and can be expressed in terms of the energy-momentum 



tensor T^u- One thus also has the result below. 
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Corollary 5.2 Let {M,gij, h.ij) he a 3- dimensional asymptotically AdS initial data set. Assume 
that M is maximal and satisfies the dominant energy condition ^.18^ , then the 4x4 Hermitian 
matrix in i5. 5\) is positive definite. 

Now we are going to prove Theorem 15.11 

A 

Proof: Let (p be the solution of the Dirac-Witten equation D(p = as in Lemma [5. 11 Submit- 
ting this (p into the Weitzenbock formula (14.15p . we obtain that the boundary term is nonnegative 
due to the energy condition ()4.16p . 



Denote 



and 



where u),y is defined in (j3.6p 
Therefore we obtain 



ai = Qij - Vitro (g), 

bij — '^hij -\- KCLij^ 

Tki = bki - gkitro{b), 



Pu = lim / (ai - Tu)uj^ 

lOTT r^oo J 



,2 



|V(/>r * 1 + / < (/>,7^0 > *i 

M JM 



>oo 



A 



lim Re I < ^n, > e,- • e, • V,$n > *e* 



= hm Re < $o, ^ Cj • ej ■ {Vj - Vj)¥o > *e* 

+ lim Re < ^>o, Cj • e,- • V,)$o > *e* 

- lim i?e / < ^>o, ^/ijfcei • Cj • eo • • $o > *e' 

1 /■ — ■ — 1 

= - lim / (V^5y - Vitro(5))|$oP*e 

1 /" o 1 

+- lim / /{(ofci - 5rfcitro(a)) < $0, eo • Cfc • $0 > *e 

4 1 — >oo J t;. 9 

~-\ lim / (/ifci - gkitraih)) < $o, eo • • ^>o > *e . 

Using the Clifford representation (j2.5p . the boundary term is equal to (up to a constant) 

/3o(|Ai|2 + + IA3P + |A4|2) + /3i(-(A2Ai + A1A2) + (A3A4 + A4A3)) 
+P2{-V^iMXi - A1A2) + V^(A3A4 - A4A3)) + /33(|Aip - |A2|2 + IA4P - IA3P). (5.9) 
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It can be rewritten as a quadratic form (Ai, A2, A3, A4)Q(Ai, A2, A3, A4)* where Q is 



v 



/3i-^/^/32 /3o + /33 / 



(5.10) 



This completes the proof of the nonnegativity. 

A 

If the equahty holds, then there exists at least one non-vanishing spinor such that Vi?i> = 0. 
If £'{0} + — 0) then there is which forms a basis of the spinor bundle everywhere on 

A 

M such that V(/)a = 0. So in a local frame {cq} we have 

\ ^ 

Vi</'a = -hikeo ■ ek- (f>a- 77^0 • • (t>a- 



Then 



VjVi(f)a 



■^C^jhik)eo ■ek-(t)a + -^hikeo ■ • {-hjieo ■ ei - -eo • ej) ■ 



2 

1 



1- 



^{'Vjhik)eo ■ ek - 4>a- -^Kkhjiek ■ e; • 0a- 



It is therefore, 



1 

~2 



^(Vj/ijfc - ^jhik)eo ■ Ck ■ (t>a + ]:{hikhji - hiihjk)e-k ■ ei ■ (f>a 



for a basis {(pa}- This implies 



^(-Rijfci + hikhji - hiihjk)ek ■ e/- = ^(Vj/ijfc — Vjhik)eo ■ ek- 

k<l k 



as an endomorphism of S. Set 



and 



Rijkl — Rijkl + Kkhjl — hiihjk 



^ijk — ^ ihjk ^ jhik' 

In terms of Clifford representation (|2.5p . we obtain 

f _ V—^Rij23^ Rijl2 + V^RijlZ 

-Rijl2 + \/— l"i?ijl3 — \/— Ti?ij23 0^ 

^ \/^i?ii23^ 

—Rijl2 + T-Rjjl3 









Rijl2 + V^Rijl3 
— V—^Rij23 ) 
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-hij2 + V—lhij3 


V 



This gives 



-hij2 —^V—lhij3 
—hiji 








—hiji 





^ 
hij2 + V^h. 



\ 



ij3 



hij2 



-Ih 



ij3 



hiji / 



Rijkl + hikhji — hiihjk = 0, 
^ihjk — jhik = 0, 



and the theorem is proved. 



Q.E.D. 



6 The Imaginary Killing Spinors and Positive Mass Theorem II 

As mentioned in the introductory section, Maerten obtained the positivity of a sequihnear form 
under the relative energy condition. Classical linear algebra tells us that each principal minor 
of this form must be nonnegative which give rise to a set of energy-momentum inequalities (cf. 
Appendix [13]). Among them, the most interesting one might be the second order principal 
minor which gives the positivity of the Lorentzian length of the mass vector, i.e. ttt-q — |mp > 0. 
This special inequality is recovered in our formulism here by using the imaginary Killing spinor. 
Define the modified imaginary Killing connection as 

A ^ 1, 

\/i = \/i- -^n-ijeo ■ Cj ■ H ^ — • . 

Here V is the Levi-Civita connection with respect to the induced Riemannian metric on the 
spacelike hypersurface. The associated hypersurface Dirac-Witten operator is 

D = Y,ek-yk = D ^ . 

fc=i 

The corresponding Weitzenbock formula is then 

< Vi0 + ei ■ Del) > = I - \D(j)\^+ < (j), Rcj) >) * 1. 



dM JM 



Here 



R = h^Scal^ + 2i?oo + 2i?oieo • • +Qk^) 



A 

(See also [13] for k = 1.) By the Einstein equation (11. ip . R = 2(7ooeo • —TQiei-)eQ- whose 
positivity is ensured by the standard dominant energy condition (j4.18p . 

Take <I>o as an imaginary Killing spinor along the hyperbolic space (j2.8p and extend it 

A 

smoothly the whole manifold. Consider the elliptic boundary problem D(j) = with (j) asymptotic 
to $0 at infinity. Using the Clifford representation (12. 5p , the boundary term thus can be written 
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as a quadratic form (Ai, A2, A3, A4)(5(Ai, A2, A3, A4)*. Here Q is a Hermitian 4x4 matrix 



{3} 



-P{0}2 + P{3}2 
^V^iP{0}3 + P{3}3) 

P{1}2 - P{2}3 
\+V^{P[2}2 - P{1}3) 



--P{1}2 + P{2}3 
rT{P{l}3 + P{2}2) 



Pi 



{0}2 



Pi 



{3}2 



-^{P{m + Pm^) 



-P{a}2 + P{3]2 P{1}2 - P{2]3 \ 

-\/^(F{0}3 + P{3}3) -V^{P{2}2 - P{1}3) 



^P{1}2 + P{2}3 
^{P{2}2 + P{1}3) 

E{Q} + i?{3} 



'E_ 



{1} 



-IE_ 



{2} 



Therefore, we have reached our second positive mass theorem. 



P{Q}2 + -P{3}2 
/^(F{0}3+A3}3) 



^E. 



{2} 



^{0} - ^{3} 



(6.1) 



Theorem 6.1 Let {M,gij,hij) be a 3- dimensional asymptotically AdS initial data set which 
satisfies the standard dominant energy condition Then Q is nonnegative. Moreover, if 

Q = 0, then we have the following equations on M: 



Rijki = {—K^){Sik^ji — 5ii5jk) + hiihjk — hikhji, 



(6.2) 



Vihjk - Vjhik = (6.3) 

where Rijki is the Riemann curvature tensor of (M, g) . These are the Gauss and Codazzi equa- 
tions of the isometric embedding in the AdS spacetime. 

Remarks: 

(1) The dominant energy condition in physics also imphes that T^^ > |r"^|. If Q = 0, then 
rpap ^ rpj^.g ^Qgg^i^gj. ^i^j^ ([52]), ([63]) imply that N is AdS along M, i.e. N has constant 
sectional curvature — along M. 

(2) The energy-momentum matrix in (16. Ih is different from the one obtained in [13j for (1+3)- 
dimensional spacetimes. It should be related to the representation of spin group. However, the 
method presented in our paper is consistent. 

The positivity of the 2x2 principal minor in ()6.ip also implies the positivity of hyperbolic 
mass: 

Corollary 6.1 In particular, we have 



(6.4) 

i=l 

Clearly, the rigidity conclusion follows from the fact that when Q = 0, there exists {(l)a} 

A 

which forms a basis of the spinor bundle everywhere on M such that V(/>q, = 0. Maerten |13) 
also obtained this via the construction of the Killing initial data in [4J. In addition, he discusses 
the isometric embedding in a stationary pp-wave spacetime when the energy-momentum matrix 
is degenerate. 



^{0} > 



\ 
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